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uter product

O
uter product, g

f
T

m
odels the increase in w

eight strength w
hen input f is associated w

ith an output g:
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‡
L

earning &
 recall

1. L
earning

L
et {fn ,gn } be a set of input/output activity pairs. M

em
ories are stored by superim

posing new
 w

eight changes on old ones. 

Inform
ation from

 m
any associations is present in each connection strength.
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2. R
ecall

L
et f be an input possibly associated w

ith output pattern g.  For recall, the neuron acts as a linear sum
m

er:
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3. C
ondition for perfect recall

If {fn } are orthonorm
al, the system

 show
s perfect recall:
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A
 com

m
on distinction in neural netw

orks is betw
een supervised and unsupervised learning ("self-organization"). T

he 
heteroassociative netw

ork is supervised, in the sense that a "teacher" supplies the proper output to associate w
ith the input. 

L
earning in autoassociative netw

orks is unsupervised in the sense that they just take in inputs, and try to organize a useful 
internal representation based the inputs. W

hat "useful" m
eans depends on the application. W

e explore the idea that if 
m

em
ories are stored w

ith autoassociative w
eights, it is possible to later "recall" the w

hole pattern after seeing only part of 
the w

hole.

‡
Sim

ulations

H
eterassociation

A
utoassociation

Superposition and interference

H
etero

asso
ciatio

n

In this and the next section, w
e w

ill use M
athem

atica to sim
ulate a process of association betw

een im
age representations of 

the letters, T
, I, and P. Y

ou w
ill learn m

ore about how
 to m

anipulate lists in M
athem

atica. A
nd you w

ill learn som
e of the 

lim
itations of linear recall. T

here are several sim
ple exercises/questions you should try to answ

er.
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‡
Stim

uli

If after seeing I, the letter T
 follow

s, you m
ight expect that T

 w
ould becom

e associated w
ith I. T

he letter I m
ight later act as 

a stim
ulus that should elicit T

 as a response. 
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Possible

spelling
error:new

sym
bolnam

e
"Pm

atrix"
is

sim
ilar

to
existing

sym
bols8Im

atrix,
T

m
atrix<.
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‡
Sidenote: M

aking im
ages into vectors: F

latten[ ] and P
artition[ ]

F
latten[] takes a list of lists and turns it into a list of elem

ents, that is, it rem
oves all of the inner braces:
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P
artition[] is sort of like an inverse for F

latten[] and takes a list of elem
ents and structures it back into a list of lists:
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For our purposes, F
latten[] turns a m

atrix representing a 2D
 picture (e.g. the letter I, or T

) into a vector that w
e can store in 

a w
eight m

atrix m
em

ory. L
ater, w

e use P
artition[] to turn w

hatever the m
atrix rem

em
bers into a 2D

 picture for com
parison 

w
ith the input picture originally learned.
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L
earn

in
g

 an
 asso

ciatio
n

  I -> T

‡
L

earning

L
et's use the outer product to represent the change in the synaptic w

eights caused by the sim
ultaneous activity of T

 and I 
w

hich assum
ing a H

ebb-type rule, is proportional to the product of the activities:
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N
ow

 if som
etim

e later, the W
eights m

atrix is "stim
ulated" w

ith the letter I, it produces as a response the letter T
:

‡
R

ecall: R
em

em
bering T

 from
 I
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E
xercise

W
hat if T

v w
as the input? W

hat if a random
 vector w

as the input? W
hat response w

ould you expect?
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A
d

d
 th

e asso
ciatio

n
 T

 -> P
 to

 th
e m

ix

‡
L

earning P
 from

 T
, storing it w

ith the association
 betw

een
 I and T
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‡
R

ecall: Stim
ulate w

ith T
: R

esponse? P
, I, or a m

ixture?
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E
xercise

If you look carefully, you can see som
e evidence for interference. W

hy m
ight you expect this based on the tw

o inputs Iv 
and T

v? T
ry com

paring the dot products of the various inputs.

C
an you think of a netw

ork m
odification for recall that m

ight help to reduce the interference?

E
xercise

T
he D

ensityP
lot functions don't alw

ays give the best w
ay of seeing variations in a function or list. T

ry L
istP

lot[response]. 
W

hat do you notice?

E
xercise

T
he plot function autom

atically scales the plot range so that w
hite corresponds to the m

axim
um

 value in the list. U
se 

M
ax[T

v] to find the peak value in a list.
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A
d

d
 th

e asso
ciatio

n
 I -> P

 to
 th

e m
ix

‡
L

earning P
 &

 I, store it w
ith the associations betw

een
 I &

 T
, P

 &
 T
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‡
R

ecall: Stim
ulate w

ith P
: R

esponse? T
, I, or a m

ixture?
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A
u

to
asso

ciatio
n

If f=g, then w
e have an autoassociative system

. T
here is only one set of units, and each elem

ent potentially connects to each 
other elem

ent.  L
ater w

e w
ill see how

 this architecture is used in non-linear netw
orks. A

utoassociation stores inform
ation 

about the relationships betw
een the elem

ents or features of a stim
ulus pattern (vector). W

e can show
 how

 this kind of 
know

ledge can be used to predict or reconstruct m
issing inform

ation. N
eural netw

orks of this sort build internal m
odels of 

the statistical structure of the ensem
ble they are exposed to.
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R
eco

n
stru

ctive
 p

ro
p

erty

‡
A

utoassociation
 can

 reconstruct m
issing parts of a stim

ulus. 

(
6
)

x
=

ik jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

f
1

f
2..f
m

g
1...g
n

y{ zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

Suppose a w
hole pattern x, consists of tw

o parts {f1,f2,f3}, and {g1,g2,g3,g4}, and the association of vector x w
ith itself is 

represented by the outer product in m
atrix W

:

In
[29]:=
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;
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g
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g
3
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g
4
}
;

x
=
f
+
g
;

W
=
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u
t
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x
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x
]
;
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[33]:=
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Som
etim

e later, w
e input a version of x, but w

ith "m
issing" elem

ents--i.e. x w
ith som

e elem
ents set to zero--nam

ely, vector 
f. W

hat do w
e get in response?

In
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u
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+
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2

+
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2
+

f3
2Lg4<

So if f is norm
alized, each sum

 of squared elem
ents of f is equal to 1, and W

.f is equal to x. In general, the m
atrix W

 
restores f to the pattern x up to a scale factor a

:
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In
[35]:=
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Ø
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O
u
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a
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a
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E
xercise

W
hat does it m

ean to have a "m
issing" part of a pattern?

‡
A

utoassociation
 includes heteroassociation

A
t first it m

ay seem
 that an autoassociative system

 is a m
ore restrictive type of association than heteroassociation. B

ut if w
e 

form
 a new

 vector f' in w
hich w

e stack f on top of g, then autoassociation outer product m
atrix contains w

ithin it, the 
heteroassociation betw

een f and g.

Q
uestion:

W
hat can you say about the eigenvectors of the w

eight m
atrix from

 autoassociative learning?

A
u

to
asso

ciative
 exam

p
le

 w
ith

 T
IP

 p
ictu

res

‡
L

earn about T
, learn

 about I, and store the associations together by superim
posing their w

eight 

m
atrices
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]
;
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‡
Som

etim
e later, stim

ulate the netw
ork w

ith an im
poverished

 T
, m

issing som
e bits

In
[38]:=
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=

J
o
i
n
[
T
a
k
e
[
T
v
,
(
D
i
m
e
n
s
i
o
n
s
[
T
v
]
[
[
1
]
]
-
3
0
)
]
,
T
a
b
l
e
[
0
,
 
{
3
0
}
]
]
;
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T
ake[m

,n] returns a list containing the first n elem
ents of m

. T
ake[m

,-n] returns a list containing the last n elm
ents of m

.

‡
R

ecall of the original T
, from

 the m
issing bits
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;
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P
a
r
t
i
t
i
o
n
[
r
e
m
e
m
b
e
r
i
n
g
T
,
s
i
z
e
]
]
;

0
2

4
6

8
1
0

0 2 4 6 8

1
0

‡
Interference: C

orrupt T
 again, this tim

e w
ith som

e other random
 bits m

issing

L
et's do som

ething a little m
ore drastic to T

. W
e'll random

ly "delete" pixels of the picture:
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eterA
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In
[42]:=

p
e
p
p
e
r
 
=
 
T
a
b
l
e
[
R
a
n
d
o
m
[
I
n
t
e
g
e
r
,
1
]
,
{
D
i
m
e
n
s
i
o
n
s
[
T
v
]
[
[
1
]
]
}
]
;

p
e
p
p
e
r
m
a
t
r
i
x
 
=
 
D
i
a
g
o
n
a
l
M
a
t
r
i
x
[
p
e
p
p
e
r
]
;

f
o
r
g
e
t
t
i
n
g
T
 
=
 
p
e
p
p
e
r
m
a
t
r
i
x
.
T
v
;

L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
[
P
a
r
t
i
t
i
o
n
[
f
o
r
g
e
t
t
i
n
g
T
,
s
i
z
e
]
]
;

0
2

4
6

8
1
0

0 2 4 6 8

1
0

In
[46]:=

r
e
m
e
m
b
e
r
i
n
g
T
 
=
 
W
e
i
g
h
t
s
.
f
o
r
g
e
t
t
i
n
g
T
;

L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
[
P
a
r
t
i
t
i
o
n
[
r
e
m
e
m
b
e
r
i
n
g
T
,
s
i
z
e
]
]
;

0
2

4
6

8
1
0

0 2 4 6 8

1
0

In
[48]:=

L
i
s
t
P
l
o
t
[
P
a
r
t
i
t
i
o
n
[
r
e
m
e
m
b
e
r
i
n
g
T
,
s
i
z
e
]
[
[
5
]
]
,

P
l
o
t
R
a
n
g
e
-
>
{
0
,
.
5
}
,
A
x
e
s
O
r
i
g
i
n
-
>
{
0
,
-
.
2
5
}
]
;

2
4

6
8
1
0

0
0
.
1

0
.
2

0
.
3

0
.
4

0
.
5
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‡
N

ote: Y
ou can get inform

ation about the options as w
ell as the functions w

ith a ?? query:

In
[49]:=

?
?
L
i
s
t
P
l
o
t

?
?
A
x
e
s
O
r
i
g
i
n

L
i
s
t
P
l
o
t
@8

y
1
,

y
2
,

.
.
.

<D
p
l
o
t
s

a
l
i
s
t

o
f

v
a
l
u
e
s
.

T
h
e

x
c
o
o
r
d
i
n
a
t
e
s

f
o
r

e
a
c
h

p
o
i
n
t

a
r
e

t
a
k
e
n

t
o

b
e

1
,

2
,
.
.
.

.
L
i
s
t
P
l
o
t
@88

x
1
,

y
1<

,
8
x
2
,
y
2<

,
.
.
.

<D
p
l
o
t
s

a
l
i
s
t
o
f

v
a
l
u
e
s

w
i
t
h

s
p
e
c
i
f
i
e
d

x
a
n
d

y
c
o
o
r
d
i
n
a
t
e
s
.

M
ore…

A
t
t
r
i
b
u
t
e
s
@
L
i
s
t
P
l
o
t
D

=
8
P
r
o
t
e
c
t
e
d<

O
p
t
i
o
n
s
@
L
i
s
t
P
l
o
tD

=

8
A
s
p
e
c
t
R
a
t
i
o

Ø
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
G
o
l
d
e
n
R
a
t
i
o
,
A
x
e
s

Ø
A
u
t
o
m
a
t
i
c
,
A
x
e
s
L
a
b
e
l

Ø
N
o
n
e
,

A
x
e
s
O
r
i
g
i
n

Ø
A
u
t
o
m
a
t
i
c
,
A
x
e
s
S
t
y
l
e

Ø
A
u
t
o
m
a
t
i
c
,
B
a
c
k
g
r
o
u
n
d

Ø
A
u
t
o
m
a
t
i
c
,

C
o
l
o
r
O
u
t
p
u
t

Ø
A
u
t
o
m
a
t
i
c
,
D
e
f
a
u
l
t
C
o
l
o
r

Ø
A
u
t
o
m
a
t
i
c
,
E
p
i
l
o
g

Ø
8<

,
F
r
a
m
e

Ø
F
a
l
s
e
,
F
r
a
m
e
L
a
b
e
l

Ø
N
o
n
e
,
F
r
a
m
e
S
t
y
l
e

Ø
A
u
t
o
m
a
t
i
c
,

F
r
a
m
e
T
i
c
k
s

Ø
A
u
t
o
m
a
t
i
c
,
G
r
i
d
L
i
n
e
s

Ø
N
o
n
e
,
I
m
a
g
e
S
i
z
e

Ø
A
u
t
o
m
a
t
i
c
,

P
l
o
t
J
o
i
n
e
d

Ø
F
a
l
s
e
,
P
l
o
t
L
a
b
e
l

Ø
N
o
n
e
,
P
l
o
t
R
a
n
g
e

Ø
A
u
t
o
m
a
t
i
c
,

P
l
o
t
R
e
g
i
o
n

Ø
A
u
t
o
m
a
t
i
c
,
P
l
o
t
S
t
y
l
e

Ø
A
u
t
o
m
a
t
i
c
,

P
r
o
l
o
g

Ø
8<

,
R
o
t
a
t
e
L
a
b
e
l

Ø
T
r
u
e
,
T
i
c
k
s

Ø
A
u
t
o
m
a
t
i
c
,

D
e
f
a
u
l
t
F
o
n
t

ß
$
D
e
f
a
u
l
t
F
o
n
t
,
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n

ß
$
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n
,

F
o
r
m
a
t
T
y
p
e

ß
$
F
o
r
m
a
t
T
y
p
e
,
T
e
x
t
S
t
y
l
e

ß
$
T
e
x
t
S
t
y
l
e
<

A
x
e
s
O
r
i
g
i
n

i
s

a
n

o
p
t
i
o
n

f
o
r

t
w
o

-
d
i
m
e
n
s
i
o
n
a
l

g
r
a
p
h
i
c
s

f
u
n
c
t
i
o
n
s

w
h
i
c
h

s
p
e
c
i
f
i
e
s

w
h
e
r
e

a
n
y

a
x
e
s

d
r
a
w
n

s
h
o
u
l
d

c
r
o
s
s
.

M
ore…

A
t
t
r
i
b
u
t
e
s
@
A
x
e
s
O
r
i
g
i
nD

=
8
P
r
o
t
e
c
t
e
d
<

‡
Interference: C

orrupt T
, w

ith added noise

In
[51]:=

f
o
r
g
e
t
t
i
n
g
T
 
=
 
T
v
;

f
o
r
g
e
t
t
i
n
g
T
[
[
5
9
]
]
 
=
 
.
2
7
;

L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
[
P
a
r
t
i
t
i
o
n
[
f
o
r
g
e
t
t
i
n
g
T
,
s
i
z
e
]
]
;

0
2

4
6

8
1
0

0 2 4 6 8

1
0
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In
[54]:=

r
e
m
e
m
b
e
r
i
n
g
T
 
=
 
W
e
i
g
h
t
s
.
f
o
r
g
e
t
t
i
n
g
T
;

L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
[
P
a
r
t
i
t
i
o
n
[
r
e
m
e
m
b
e
r
i
n
g
T
,
s
i
z
e
]
]
;

0
2

4
6

8
1
0

0 2 4 6 8

1
0

A
lthough the m

em
ory looks pretty good, it is not perfect because although T

v and Iv w
ere alm

ost orthogonal, w
ith a cosine 

of about .09, they w
ere not perfectly orthogonal. In fact, w

e can get a m
easure of how

 close rem
em

beringT
 is to T

v  in 
term

s of the cosine of the angle betw
een them

:

In
[56]:=

T
v
.
n
o
r
m
a
l
i
z
e
[
r
e
m
e
m
b
e
r
i
n
g
T
]

O
u

t[56]=
0.995682

‡
Interference w

ith m
ore autoassociations: I, T

, and now
 P

 too

If w
e have the connection m

atrix, W
eights store another letter, P

, then w
e w

ill begin to get even m
ore interference w

hen w
e 

try to recall T
 from

 a fragm
ent of T

:

In
[57]:=

W
e
i
g
h
t
s
 
=
 
W
e
i
g
h
t
s
 
+
 

O
u
t
e
r
[
T
i
m
e
s
,
P
v
,
P
v
]
;

In
[58]:=

r
e
m
e
m
b
e
r
i
n
g
T
 
=
 
W
e
i
g
h
t
s
.
f
o
r
g
e
t
t
i
n
g
T
;

L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
[
P
a
r
t
i
t
i
o
n
[
r
e
m
e
m
b
e
r
i
n
g
T
,
s
i
z
e
]
]
;

0
2

4
6

8
1
0

0 2 4 6 8

1
0

T
his is because the patterns w

e've stored are not m
utually orthogonal, and in particular, P

 is too close to I and T
:
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In
[60]:=

{
I
v
.
P
v
,
 
T
v
.
P
v
,
 
T
v
.
I
v
}

O
u

t[60]=
80.243332,0.367884,0.0944911<

E
xercise - Include a threshold. A

pplying a function over a list

D
efine a non-linear threshold, step[x_], w

hich w
hen applied to rem

em
beringT

 rem
oves the interference. A

 critical param
e-

ter is the threshold. H
ow

 could you m
ake the threshold adaptive?

N
ote: W

hen you define a new
 function, it is not necessarily "L

istable". If not, here are tw
o solutions.

‡
C

hange the function
 attributes

A
s w

e saw
 earleri, you can define your function to be listable w

ith

In
[61]:=

S
e
t
A
t
t
r
i
b
u
t
e
s
[
s
t
e
p
,
L
i
s
t
a
b
l
e
]

T
hen you can apply step directly to the list rem

em
beringT

, and then the function w
ill be applied successively to each 

elem
ent of the list:

In
[62]:=

s
t
e
p
[
r
e
m
e
m
b
e
r
i
n
g
T
]

‡
M

ap
 the function over the list

T
his m

eans that to apply step[] to rem
em

beringT
, you w

ould have to use the M
ap[] function:

T
he M

ap[] function is used often enough, that M
athem

atica  has a short-hand:

In
[63]:=

M
a
p
[
f
,
{
a
,
b
,
c
}
]

In
[64]:=

f
 
/
@
 
{
a
,
b
,
c
}

In
[65]:=

M
a
p
[
s
t
e
p
,
r
e
m
e
m
b
e
r
i
n
g
T
]
;

M
ap[step, rem

em
beringT

] is equivalent to step /@
 rem

em
beringT

 :

In
[66]:=

L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
@
P
a
r
t
i
t
i
o
n
@
s
t
e
p
ê

ü
r
e
m
e
m
b
e
r
i
n
g
T
,
s
i
z
e
D
D

T
he threshold choice w

as clearly im
portant. H

ow
 could you m

ake the threshold adaptive?
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N
ext tim

e

‡
E

xplore a sim
ple application, sum

m
ed

 vector m
em

ories.

‡
N

eural netw
orks as statistical pattern

 processing

T
hen w

e are going to step back in a sense, and ask ourselves w
hat these netw

orks are doing in the sense of inform
ation or 

pattern processing. T
his w

ill lead naturally to a statistical fram
ew

ork for understanding both heteroassociative and autoasso-
ciative netw

orks.

H
eterassociation w

ill lead to regression.

Sum
m

ed vector m
em

ories w
ill lead to a discussion of sim

ple ("first-order")  statistical learning.

A
utoassociation w

ill lead to second-order statistical learning.

A
 deeper understanding of the inform

ation processing roles of 1) our learning rule; and 2) our recall m
echanism

, helps in 
tw

o w
ays. First, w

e w
ill have a better idea of w

hat w
e need to do to get the netw

ork to solve a given problem
. Second, w

e 
m

ay discover that there is a different problem
 for w

hich it is better suited. So linear heterassociation recall m
ay be a poor 

classification m
odel, but it m

ight be a good interpolation m
odel. L

inear autoassociation learning m
ay be a poor w

ay to store 
inform

ation about specific m
em

ories, but m
ay be a good w

ay of learning about the statistics of ensem
bles. 

A
s a preview

 of the latter, consider another application of autoassociation learning, w
here the goal is not to rem

em
ber a 

particular previous input, but rather to learn som
ething about an ensem

ble of inputs that all  belong to the sam
e class. 

Practical exam
ples are collections of netw

orks that can learn about their ow
n special environm

ents. For exam
ple, you w

ant 
to build an autom

ated driving system
. T

he problem
 is com

plex, in part, due to different kinds of dem
ands placed by the 

driving environm
ent. So you decide you need three "experts":  one for single-lane country roads, another for tw

o-lane 
highw

ays, and another for four-lane divided highw
ays. N

ow
 you put them

 all in one vehicle and let them
 all m

onitor their 
sensory inputs as the vehicle is being driven (by one of them

). W
hen given a new

 environm
ent, these experts "com

pare 
notes" to see how

 w
ell this new

 environm
ent fits their internal m

odels or dom
ain of expertise. W

hich ever expert "know
s" 

the new
 environm

ent the best, gets to drive the car. T
his is related to the idea of m

ental m
odules. T

he part of the driving 
expert that validates the environm

ent could be realized by an autoassociative netw
ork. It can do this by testing how

 w
ell its 

prediction of the environm
ent's input to its sensors fits the actual sensor m

easurem
ents.
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‡
Im

prove learning or recall?

W
e've seen that the linear associator has problem

s of interference. H
ow

 do w
e im

prove the netw
ork? W

e have tw
o general 

strategies: 1) im
prove the learning, so that linear recall w

ill do better; 2) im
prove the recall, so that a sim

ple H
ebbian outer 

product rule can still be used.

L
ater w

e w
ill derive a new

 learning rule that builds better association m
atrices for certain problem

s like interpolation, 
regression, and generalization. A

nd w
e w

ill look at non-linear recall m
echanism

s that m
ake cleaner classifications for 

m
em

ory problem
s.

For specific exam
ple, the outerproduct learning rule can be seen as part of a com

putation that com
putes autocovariance 

m
atrices. T

hese are useful because the input ensem
ble in som

e sense "lives" in the space defined by the eigenvectors w
ith 

the largest eigenvalues. T
he problem

 is that to project input vectors into this space using sim
ple m

atrix m
ultiplication 

requires one to have the eigenvector m
atrix, N

O
T

 the autocovariance m
atrix. So w

e have tw
o possibilities. First, w

e can 
find an alternative learning rule that w

ill give us the eigenvector m
atrix. O

r w
e can look for a different recall rule that w

ill 
give us the projection w

e w
ant.

A
p

p
en

d
ix

A
u

to
asso

catio
n

 w
ith

 so
m

e o
th

er p
attern

s: E
in

stein
, B

u
sh

, o
r S

h
an

n
o

n

In
[67]:=

n
o
r
m
a
l
i
z
e
@
x
_
D
:

=
N
@
x
ê
S
q
r
t
@
x
.
x
D
D
;

g
e
t
i
n
p
u
t
p
a
t
t
e
r
n
:

=
M
o
d
u
l
e
@
8
i
m
a
g
e
<
,

i
m
a
g
e

=
I
m
p
o
r
t
@
E
x
p
e
r
i
m
e
n
t
a
l
`
F
i
l
e
B
r
o
w
s
e
@
F
a
l
s
e
D
D
;

i
m
a
g
e

=
i
m
a
g
e
ê
.
G
r
a
p
h
i
c
s

Ø
L
i
s
t
;

i
m
a
g
e

=
N
@
i
m
a
g
e
@
@
1
,
1
D
D
D
D
;

G
et einstein32x32.jpg:

In
[69]:=

e
i
n
s
t
e
i
n

=
g
e
t
i
n
p
u
t
p
a
t
t
e
r
n
;

s
i
z
e

=
D
i
m
e
n
s
i
o
n
s
@
e
i
n
s
t
e
i
n
D
@
@
1
D
D
;

e
i
n
s
t
e
i
n

=
n
o
r
m
a
l
i
z
e
@
F
l
a
t
t
e
n
@
e
i
n
s
t
e
i
n
D
D
;

G
et gw

_bush32x32.jpg (or shannon32x32.jpg):

In
[72]:=

b
u
s
h

=
g
e
t
i
n
p
u
t
p
a
t
t
e
r
n
;

b
u
s
h

=
n
o
r
m
a
l
i
z
e
@
F
l
a
t
t
e
n
@
b
u
s
h
D
D
;

G
et einsten w

ith som
e blacked out regions, einstein32x32m

issing.jpg
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f
o
r
g
e
t
t
i
n
g
e
i
n
s
t
e
i
n

=
g
e
t
i
n
p
u
t
p
a
t
t
e
r
n
;

f
o
r
g
e
t
t
i
n
g
e
i
n
s
t
e
i
n

=
n
o
r
m
a
l
i
z
e
@
F
l
a
t
t
e
n
@
f
o
r
g
e
t
t
i
n
g
e
i
n
s
t
e
i
n
D
D
;

Superim
pose the outerproduct w

eight m
atrices:

W
e
i
g
h
t
s
 
=
 
O
u
t
e
r
[
T
i
m
e
s
,
e
i
n
s
t
e
i
n
,
e
i
n
s
t
e
i
n
]
 
+
 
O
u
t
e
r
[
T
i
m
e
s
,
b
u
s
h
,
b
u
s
h
]
;

r
e
m
e
m
b
e
r
i
n
g
e
i
n
s
t
e
i
n
 
=
 
W
e
i
g
h
t
s
.
f
o
r
g
e
t
t
i
n
g
e
i
n
s
t
e
i
n
;

L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
[
P
a
r
t
i
t
i
o
n
[
r
e
m
e
m
b
e
r
i
n
g
e
i
n
s
t
e
i
n
,
s
i
z
e
]
,
M
e
s
h
-
>
F
a
l
s
e
]
;

L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
[
P
a
r
t
i
t
i
o
n
[
b
u
s
h
,
s
i
z
e
]
,
M
e
s
h
-
>
F
a
l
s
e
]
;
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