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C

onditional independence

T
w

o random
 variables m

ay only becom
e independent, once the value of som

e third variable is know
n.  T

his is called 
conditional independence. 

Influences betw
een variables are represented by conditioning, and a graphical m

odel can be designed to express the condi-
tional independencies betw

een variables.  

R
ecall from

 that tw
o random

 variables are independent if and only if their joint probability is equal to the product of their 
individual probabilities.  T

hus, if p(A
,B

) =
 p(A

)p(B
), then A

 and B
 are independent.  If p(A

,B
|C

) =
 p(A

|C
)p(B

|C
), then A

 
and B

 are conditionally independent.

‡
G

raphs &
 causal structure 

 T
he idea is to represent the probabilistic structure of the joint distribution P(S,L

,I) by a B
ayes net (e.g. R

ipley, 1996}, 
w

hich is a graphical m
odel that expresses how

 random
 variables influence each other.  E

ach node in the graph represents a 
random

 variable w
ith an associated probability distribution. M

arkov R
andom

 Fields are one type of graphical m
odel in 

w
hich the random

 variables are represented in undirected graphs w
here the links betw

een nodes do not have directions. 

W
e are going to focus on directed acyclic graphs. D

irected graphs connect the nodes w
ith arrow

s, w
here the arrow

 is 
interpreted as a direction of influence or cause. O

ne advantage of directed graphs is that one can use intuitions about the 
generative processes in constructing the linkages. A

cyclic graphs avoid loops.

B
eyond the tw

o-node case, there are just three basic building blocks: converging, diverging, and interm
ediate nodes.  For 

exam
ple, m

ultiple causal variables causing a given m
easurem

ent, a single variable producing m
ultiple m

easurem
ents, or a 

cause indirectly influencing a m
easurem

ent through an interm
ediate variable.  T

hese types of influence provide a first step 
tow

ards m
odeling the joint distribution and the m

eans to com
pute probabilities of the unknow

n variables given know
n 

values.

In general, the product rule says that w
e can w

rite:

p(S,L
,I)=

P(S,L
|I)P(I)=

P(S|L
,I)P(L

|I)P(I)

orp(S,L
,I)=

P(S) P(L
|S) P(I|S,L

)

or...

B
ut suppose w

e have a m
odel that specifies the influence relationships as show

n in one of the three above graphs.

T
he arrow

s tell us how
 to factor the joint probability into conditionals. So for the three exam

ples above, w
e have:

p(S1,S2,I)=
p(I|S1,S2)p(S1)p(S2)

p(S,I1,I2)=
p(I1|S)p(I2|S)p(S)

p(S,L
,I)=

p(I|L
)p(L

|S)p(S)

T
he children of a node are at the arrow

 tip, and parents at the beginning of the arrow
. In m

ore com
plicated graphs, a node 

m
ay have ancestors and descendents that are not parents or children (grand-parents, etc..).T

here can also be non-descendents.
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E
xam

p
les

‡
"E

xplaining aw
ay"

M
ake the directed

 graph to help explain
 the corn/hay fever phenom

enon

W
hen corn prices drop in the sum

m
er, hay fever incidence goes up.  H

ow
ever, if the joint on corn price and hay fever is 

conditioned on ``ideal w
eather for corn and ragw

eed'', the correlation betw
een corn prices and hay fever drops.  T

his is 
because corn price and hay fever sym

ptom
s are conditionally independent. 

T
here is a correlation

 betw
een

 eating ice cream
 and drow

ning. W
hy? W

hat event should
 you condition

 on 

to m
ake the dependence go aw

ay?

‡
W

hat is noise? P
rim

ary and
 secondary variables

A
 com

m
on problem

 in perception is estim
ating a signal in noise. T

he graph for this is on the left above.

T
he data m

easurem
ents (I) are determ

ined by a typically non-linear function (f) of prim
ary signal variables (S1) and 

confounding secondary variables (S2).  K
now

ledge is represented by the joint probability p(I,S1,S2).  In general, the causal 
structure of natural data (e.g. im

age or speech) patterns is com
plex and consequently requires elaboration of its dependency 

structure. A
 graphical representation is one w

ay to do this. For inference, the task is to m
ake a decision about the signal 

hypotheses or prim
ary signal variables (say S1), w

hile discounting the noise or secondary variables (say S2).  T
hus optim

al 
perceptual decisions are determ

ined by p(I,S1), w
hich is derived by sum

m
ing over the secondary variables (i.e. m

arginaliz-
ing w

ith respect to the secondary variables): Ÿ
S2 pHI,S1,S2L „

S2
, and if I is a know

n m
easurem

ent, by the posterior p(S1|I):

 Ÿ
S2

pHI,S1,S2L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

pHIL
 „

S2

N
oise is w

hatever you don't care to estim
ate, but contributes to the data. T

he secondary variables are noise. 

O
p

tim
al In

feren
ce

 an
d

 task d
ep

en
d

en
ce: F

ru
it exam

p
le

 

(due to Jam
es C

oughlan; in Y
uille, C

oughlan, K
ersten &

 Schrater).
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Figure from
 Y

uille, C
oughlan, K

ersten &
 Schrater.

T
he the graph specifies how

 to decom
pose the joint probability:

 p[F, C
, Is, Ic ] =

 p[ Ic | C
 ] p[C

 | F ] p[Is | F ] p[F
 ]

T
h

e p
rio

r m
o

d
el o

n
 h

yp
o

th
eses, F

 &
 C

M
ore apples (F=

1) than tom
atoes (F=

2), and:

p
p
F@
F
_
D
:

=
I
f@
F

ã
1
,
9
ê
1
6
,
7
ê
1
6
D
;

T
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t
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6

T
he conditional  probability cpC

F
[C

|F
]:

c
p
C
F@
F
_
,
C
_
D
:

=
W
h
i
c
h
@
F

ã
1
&
&
C

ã
1
,
5
ê
9
,

F
ã
1
&
&
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ã
2
,
4
ê
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F
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&
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F
,
1
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8
C
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1
,
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T
a
b
l
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H
e
a
d
i
n
g
s

-
>
88
"
F

=
a
"
,
"
F
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t
"<
,
8
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r
"
,
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=
g
"<<D

C
=
r

C
=
g

F
=
a

5ÅÅÅ9
4ÅÅÅ9

F
=
t
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1ÅÅÅ7

So the joint is:
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W
e can m

arginalize to get the prior probability on color alone is:

p
p
C@
C
_
D
:

=
‚F

=
1

2

j
p
F
C@
F
,
CD

Q
uestion: Is fruit identity independent of m

aterial color--i.e. is F independent of C
?

‡
A

nsw
er

N
o.
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T
h

e g
en

erative
 m

o
d

el: Im
ag

in
g

 p
ro

b
ab

ilities

A
nalogous to collecting histogram

s for the tw
o sw

itch positions in the SD
T

 experim
ent, suppose that w

e have gathered 
som

e "im
age statistics" w

hich provides us know
ledge of how

 the im
age m

easurem
ents for shape Is, and for color Ic depend 

on the type of fruit F, and m
aterial color, C

. For sim
plicity, our m

easurem
ents are discrete and binary (a m

ore realistic case, 
they w

ould have continuous values), say Is =
 {am

, tm
}, and Ic =

 {rm
, gm

}.
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P(I_S=
am

,tm
 | F=

a) =
 {11/16, 5/16}

P(I_S=
am

,tm
 | F=

t) =
 {5/8, 3/8}

P(I_C
=

rm
,gm

 | C
=

r) =
 {9/16, 7/16}

P(I_C
=

rm
,gm

 | C
=

g) =
 {1/2, 1/2}

W
e use the notation am

, tm
, rm

, gm
 because the m

easurem
ents are already suggestive of the likely cause. So there is a 

correlation betw
een apple and apple-like shapes, am

; and betw
een red m

aterial, and "red" m
easurem

ents. In general, there 
m

ay not be an obvious correlation like this.

W
e define a function for the  probability of Ic given C

,  cpIcC
[Ic | C

]:
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T
he  probability of Is conditional on F is cpIsF

[Is | F
]:
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T
h

e to
tal jo
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t p
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b

ab
ility

W
e now

 have enough inform
ation to put probabilities on the 2x2x2 "universe" of possibilities, i.e. all possible com

binations 
of fruit, color, and im

age m
easurem

ents. L
ooking at the graphical m

odel m
akes it easy to use the product rule to construct 

the total joint, w
hich is:

 p[F
, C

, Is, Ic ] = p[ Ic | C
 ] p[C

 | F
 ] p[Is | F

 ] p[F
 ]:

j
p
F
C
I
s
I
c
@
F
_
,
C
_
,
I
s
_
,
I
c
_
D
:

=
c
p
I
c
C@
I
c
,
C
D
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p
C
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F
,
C
D

 c
p
I
s
F@
I
s
,
F
D

 p
p
F@
F
D
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U
sually, w

e don't need the probabilities of the im
age m

easurem
ents (because once the m

easurem
ents are m

ade, they are 
fixed and w

e w
ant to com

pare the probabilities of the hypotheses. B
ut in our sim

ple case here, once w
e have the joint, w

e 
can calculate the probabilities of the im

age m
easurem

ents through m
arginalization p(Is,Ic)=⁄

C
⁄

F
pHF

,C
,

Is,IcL, too:

j
p
I
s
I
c@
I
s
_
,
I
c
_
D
:

=
‚C

=
1

2

 ‚F
=
1

2

 j
p
F
C
I
s
I
c
@
F
,
C
,
I
s
,
I
c
D

T
h

ree M
A

P
 tasks

Suppose that w
e m

easure Is=
am

, and Is =
 rm

. T
he m

easurem
ents suggest "red apple", but to find the m

ost probable, w
e 

need to take into account the priors too. 

‡
D

efine argm
ax[] function:

a
r
g
m
a
x@
x
_
D
:

=
P
o
s
i
t
i
o
n
@
x
,
M
a
x
@
xDD
;

‡
P

ick
 m

ost probable fruit A
N

D
 color--A

nsw
er "red tom

ato"

U
sing the total joint, p(F

,C
 | Is, Ic) =

 
pHF

,C
,Is,IcL

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
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∂
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"R
ed tom

ato" is the m
ost probable once w

e take into account the difference in priors.

C
alculating p(F

,C
 | Is, Ic). W

e didn't actually need p(F,C
 | Is, Ic), but w

e can calculate it by conditioning the total joint on 
the probability of the m

easurm
ents:
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‡
P

ick
 m

ost probable color--A
nsw

er "red"

In this case, w
e w

ant m
axim

ize the posterior:

p(C
 | Is, Ic)=⁄

F
=

1
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pHF
,C

»Is,IcL
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A
nsw

er is that the m
ost probable m

aterial color is C
 =

 r, "red".
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‡
P

ick
 m

ost probable fruit--A
nsw

er "apple"

p(F | Is, Ic)
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a
b
l
e
D

a
r
g
m
a
x@
p
F
T
a
b
l
e
D

F
=
a

8
0
3

ÅÅÅÅÅÅÅÅÅ
1
4
1
3

F
=
t

6
1
0

ÅÅÅÅÅÅÅÅÅ
1
4
1
3

8
0
3

ÅÅÅÅÅÅÅÅÅÅÅÅÅ
1
4
1
3

88
1<<

T
he answ

er is "apple"

‡
M

oral of the story: O
ptim

al inference depends on the precise definition of the task

In
terp

o
latio

n
 u

sin
g

 sm
o

o
th

n
ess

 revisited
: G

rad
ien

t d
escen

t

W
e use an exam

ple (and notation) due to W
eiss.

Lect_25_B
ayesN

ets.nb
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F
irst-o

rd
er sm

o
o

th
n

ess

R
ecall that the energy or cost function is given by:

w
here w

k =
 xs[[k]] is the indicator function, and y

k *=
 d, are the data values.

G
radient descent gives the follow

ing local update rule:

A
s before, l controls the degree of sm

oothness, i.e. sm
oothness at the expense of fidelity to the data.

G
auss-Seidel: h[k_]:=

1/(l+
xs[[k]]);

Successive over-relaxation (SO
R

): h2[k_]:=
1.9/(l+

xs[[k]]);

A
 sim

u
latio

n
: S

traig
h

t lin
e w

ith
 ran

d
o

m
 m

issin
g

 d
ata p

o
in

ts

‡
M

ake the data

W
e return to the problem

 of interpolating a set of points w
ith m

issing data, m
arked by an indicator function xs.

In
[4838]:=

s
i
z
e
 
=
 
3
2
;

x
s
 
=
 
T
a
b
l
e
[
0
,
 
{
i
,
1
,
s
i
z
e
}
]
;
 
x
s
[
[
1
]
]
=
1
;
x
s
[
[
s
i
z
e
]
]
=
1
;
(
*
x
s
[
[
s
i
z
e
/
2
]
]
=
1
;
*
)

d
a
t
a
 
=
 
T
a
b
l
e
[
N
[
j
]
 
x
s
[
[
j
]
]
,

{
j
,
 
1
,
 
s
i
z
e
}
]
;

g
3
 
=
 
L
i
s
t
P
l
o
t
[
T
a
b
l
e
[
N
[
j
]
,
{
j
,
1
,
s
i
z
e
}
]
,
P
l
o
t
J
o
i
n
e
d

Ø
T
r
u
e
,

 
 
 
 
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n

Ø
I
d
e
n
t
i
t
y
,
P
l
o
t
S
t
y
l
e

Ø
{
R
G
B
C
o
l
o
r
[
0
,
.
5
,
0
]
}
]
;

g
2
 
=
 
L
i
s
t
P
l
o
t
[
d
a
t
a
,
P
l
o
t
J
o
i
n
e
d
-
>
F
a
l
s
e
,

P
l
o
t
S
t
y
l
e
-
>
{
R
G
B
C
o
l
o
r
[
.
7
5
,
.
0
,
0
]
}
,
 
P
r
o
l
o
g
-
>
 
A
b
s
o
l
u
t
e
P
o
i
n
t
S
i
z
e
[
5
]
,

D
i
s
p
l
a
y
F
u
n
c
t
i
o
n
-
>
I
d
e
n
t
i
t
y
]
;

T
he green line show

s the a straight line connecting the three data points. T
he red dots on the abscissa m

ark the points w
here 

data is m
issing.
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In
[4843]:=

S
h
o
w
[
g
2
,
g
3
,
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n
-
>
$
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n
]
;

5
1
0

1
5

2
0

2
5

3
0

5

1
0

1
5

2
0

2
5

3
0

L
et's set up tw

o m
atrices, T

m
 and Sm

 such that the gradient of the energy is equal to:

 T
m

 . f - Sm
 . f.  

 Sm
 w

ill be our filter to exclude non-data points. T
m

 w
ill express the "sm

oothness" constraint.

In
[4844]:=

S
m
 
=
 
D
i
a
g
o
n
a
l
M
a
t
r
i
x
[
x
s
]
;

T
m
 
=
 
T
a
b
l
e
[
0
,
{
i
,
1
,
s
i
z
e
}
,
{
j
,
1
,
s
i
z
e
}
]
;

F
o
r
[
i
=
1
,
i
<
=
s
i
z
e
,
i
+
+
,
T
m
[
[
i
,
i
]
]
 
=
 
2
]
;

T
m
[
[
1
,
1
]
]
=
1
;
T
m
[
[
s
i
z
e
,
s
i
z
e
]
]
=
1
;
 
(
*
A
d
j
u
s
t
 
f
o
r
 
t
h
e
 
b
o
u
n
d
a
r
i
e
s
*
)

F
o
r
[
i
=
1
,
i
<
s
i
z
e
,
i
+
+
,
 
T
m
[
[
i
+
1
,
i
]
]
 
=
 
-
1
]
;

F
o
r
[
i
=
1
,
i
<
s
i
z
e
,
i
+
+
,
 
T
m
[
[
i
,
i
+
1
]
]
 
=
 
-
1
]
;

C
heck the update rule code for sm

all size=
10:

C
l
e
a
r@
f
,
d
,

lD
H

l
*
T
m
.
A
r
r
a
y
@
f
,
s
i
z
eD

-
S
m
.HH
A
r
r
a
y
@
d
,
s
i
z
eDL

-
A
r
r
a
y
@
f
,
s
i
z
eDLL

êê
M
a
t
r
i
x
F
o
r
m

‡
R

un gradient descent

In
[4863]:=

C
l
e
a
r
[
T
f
,
f
1
]
;

d
t
 
=
 
1
;
 

l
=
2
;

T
f
[
f
1
_
]
 
:
=
 
f
1
 
-
 
d
t
*
(
1
/
(

l
+
x
s
)
)
*
(
T
m
.
f
1
 
-
 

l
*
S
m
.
(
d
a
t
a
-
f
1
)
)
;

W
e w

ill initialize the state vector to zero, and then run the netw
ork for iter iterations:

In
[4871]:=

i
t
e
r
=
2
5
6
;

f
 
=
 
T
a
b
l
e
[
0
,
{
i
,
1
,
s
i
z
e
}
]
;

r
e
s
u
l
t
 
=
 
N
e
s
t
[
T
f
,
f
,
i
t
e
r
]
;

N
ow

 plot the interpolated function.
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In
[4878]:=

g
1
 
=
 
L
i
s
t
P
l
o
t
[
r
e
s
u
l
t
,
P
l
o
t
J
o
i
n
e
d
-
>
T
r
u
e
,
 
A
s
p
e
c
t
R
a
t
i
o
-
>
A
u
t
o
m
a
t
i
c
,
P
l
o
t
R
a
n
g
e
-

>
{
{
1
,
s
i
z
e
}
,
{
1
,
s
i
z
e
}
}
,
 
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n
-
>
I
d
e
n
t
i
t
y
]
;

S
h
o
w
[
{
g
1
,
g
2
,
g
3
,
G
r
a
p
h
i
c
s
[
{
T
e
x
t
[
"
I
t
e
r
a
t
i
o
n
=
"
<
>
T
o
S
t
r
i
n
g
[
i
t
e
r
]
,
{
s
i
z
e
/
2
,
s
i
z
e
/
2
}
]

}
]
}
,
 
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n
-
>
$
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n
,
P
l
o
t
R
a
n
g
e
-
>
{
0
,
4
0
}
]
;

5
1
0
1
5
2
0
2
5
3
0

5

1
0

1
5

2
0

2
5

3
0

3
5

4
0

I
t
e
r
a
t
i
o
n

=
2
5
6

S
am

e in
terp

o
latio

n
 p

ro
b

lem
, b

u
t n

o
w

 u
sin

g
 b

elief p
ro

p
ag

atio
n

B
elief p

ro
p

ag
atio

n

E
xam

ple is taken from
 W

eiss.

‡
P

robabilistic generative m
odel

(
1
)

y@@
iDD

=
x
s
@@

iDD
d

+
d
n
o
i
s
e
,

d
n
o
i
s
e

~
N@

0
,

s
D D

(
2
)

y@@
i

+
1DD

=
y@@

iDD
+
z
n
o
i
s
e
,

z
n
o
i
s
e

~
N@

0
,

s
R D

T
he ratio, J

s
D

ÅÅÅÅÅÅÅÅÅÅ
s

R
N 2plays the role of l above. If s

D 2
>

>s
R 2

, there is greater sm
oothing. If s

D 2
<

<s
R 2

, there is m
ore fidelity to the 

data. W
e've changed notation y

*
Ø

d.w
k

Ø
xs@@kDD.

W
e'll m

ake a notation change to avoid the square superscripts for s
D 2

->s
D

, s
R 2

->s
R

.
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A
 sim

u
latio

n
: B

elief p
ro

p
ag

atio
n

 fo
r in

terp
o

latio
n

 w
ith

 m
issin

g
 d

ata

In
[4762]:=

m
0

=
1
;

m
a

=
1
;

s
a

=
1
0
0
0
0
0
;

m
b

=
1
;

s
b

=
1
0
0
0
0
0
;

s
R

=
4
.
0
;

s
D

=
1
.
0
;

–– ––
=
T
a
b
l
e
@

m
0
,
8
i
,
1
,
s
i
z
e<D
;

s
=
T
a
b
l
e
@

s
a
,
8
i
,
1
,
s
i
z
e<D
;

–– ––
a

=
T
a
b
l
e
@

m
0
,
8
i
,
1
,
s
i
z
e<D
;

s
a

=
T
a
b
l
e
@

s
a
,
8
i
,
1
,
s
i
z
e<D
;

–– ––
b

=
T
a
b
l
e
@

m
0
,
8
i
,
1
,
s
i
z
e<D
;

s
b

=
T
a
b
l
e
@

s
b
,
8
i
,
1
,
s
i
z
e<D
;

i
t
e
r

=
0
;

i
=
1
;
j

=
s
i
z
e
;
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T
he code below

 im
plem

ents the above iterative equations, taking care near the boundaries. T
he plot show

s the estim
ates of 

y
i =

  –, and the error bars show
 ±s

.

–– ––@@
iDD

=

x
s@

@
iD

D
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

s
D

*
d
a
t
a@@
iDD

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a
@@
iD

D
*
–– ––

a@@
iDD

+
1
.
0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b@
@
iDD

*
–– ––

b@@
iDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

ÅÅÅÅÅÅÅÅÅÅÅÅ
x
s
@@
iD

D
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

s
D

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a@
@
iDD

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b@@
iDD

;

s@@
iDD

=
1
.
0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

x
s@@
iDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s
D

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a
@@
iDD

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b
@@
i
DD

;

–– ––@@
jDD

=

x
s@

@
jD

D
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

s
D

*
d
a
t
a@@
jDD

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a
@@
jD

D
*
–– ––

a@@
jDD

+
1
.
0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b@
@
jDD

*
–– ––

b@@
jDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

ÅÅÅÅÅÅÅÅÅÅÅÅ
x
s
@@
jD

D
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

s
D

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a@
@
jDD

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b@@
jDD

;

s@@
jDD

=
1
.
0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

x
s@@
jDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s
D

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a
@@
jDD

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b
@@
j
DD

;

n
e
x
t
j

=
j

-
1
;

–– ––
a@@
n
e
x
t
jDD

=

x
s@@
jDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s
D

*
d
a
t
a@@
jDD

+
1
.
0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a@
@
jDD

*
–– ––

a@@
jDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
x
s
@@
j
DD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s
D

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a
@@
jD

D

;

s
a@@
n
e
x
t
jDD

=
s
R

+
1
.
0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅ

x
s@

@
jDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s
D

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

a
@@
jDD

;

n
e
x
t
i

=
i

+
1
;

–– ––
b@@
n
e
x
t
iDD

=

x
s@@
iDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s
D

*
d
a
t
a@@
iDD

+
1
.
0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b@
@
iDD

*
–– ––

b@@
iDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
x
s
@@
i
DD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s
D

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b
@@
iD

D

;

s
b@@
n
e
x
t
iDD

=
s
R

+
1
.
0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ÅÅÅÅÅÅÅÅ

x
s@

@
iDD

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s
D

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
s

b
@@
iDD

;

j
-

-
;

i
+

+
;

i
t
e
r

+
+
;

y
f
i
t

=
T
a
b
l
e
@8

–– ––@@
i
1DD
,
E
r
r
o
r
B
a
r
@

s@@
i
1DDD<

,
8
i
1
,
1
,
s
i
z
e<D
;

g
1
b

=
M
u
l
t
i
p
l
e
L
i
s
t
P
l
o
t
@
y
f
i
t
,
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n

Ø
I
d
e
n
t
i
t
y
D
;

S
h
o
w
@8
g
1
b
,
g
2
,
g
3
,

G
r
a
p
h
i
c
s
@8
T
e
x
t@
"
I
t
e
r
a
t
i
o
n

=
"

<
>
T
o
S
t
r
i
n
g
@
i
t
e
rD
,
8
s
i
z
e
ê
2
,
s
i
z
e<D<D<

,
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n

Ø
$
D
i
s
p
l
a
y
F
u
n
c
t
i
o
n
,
P
l
o
t
R
a
n
g
e

Ø
8

-
4
0
,
4
0
<D
;
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5
1
0

1
5

2
0

2
5

3
0

-
4
0

-
3
0

-
2
0

-
1
0

1
0

2
0

3
0

4
0

I
t
e
r
a
t
i
o
n

=
4

A
p

p
en

d
ices

U
sin

g
 M
athem

atica lists to
 m

an
ip

u
late

 d
iscrete

 p
rio

rs, likelih
o

o
d

s, an
d

 p
o

sterio
rs

‡
A

 note on list arithm
etic

W
e haven't done standard m

atrix/vector operations above to do conditioning. W
e've take advantage of how

  M
athem

atica 
divides a 2x3 array by a 2-elem

ent vector:

M
=
A
r
r
a
y
[
m
,
{
2
,
3
}
]

X
 
=
 
A
r
r
a
y
[
x
,
{
2
}
]

J m
H1,1L

m
H1,2L

m
H1,3L

m
H2,1L

m
H2,2L

m
H2,3L N

8xH1L,
xH2L<

M
/
X

ik jjjjjjj

m
H1,1L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
xH1L

m
H1,2L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
xH1L

m
H1,3L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
xH1L

m
H2,1L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
xH2L

m
H2,2L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
xH2L

m
H2,3L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
xH2L

y{ zzzzzzz
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‡
P

utting the probabilities back
 together again to get the joint

T
r
a
n
s
p
o
s
e@
T
r
a
n
s
p
o
s
e
@
p
H
xD
p
x
D

ik jjjjjjj

1ÅÅÅÅÅÅÅ
12

1ÅÅÅÅÅÅÅ
12

1ÅÅÅÅ6

1ÅÅÅÅ3
1ÅÅÅÅ6

1ÅÅÅÅ6

y{ zzzzzzz

p
x
H
p
H

ik jjjjjjj

1ÅÅÅÅÅÅÅ
12

1ÅÅÅÅÅÅÅ
12

1ÅÅÅÅ6

1ÅÅÅÅ3
1ÅÅÅÅ6

1ÅÅÅÅ6

y{ zzzzzzz

‡
G

etting the posterior from
 the priors and likelihoods:

O
ne reason B

ayes' theorem
 is so useful is that it is often easier to form

ulate the likelihoods (e.g. from
 a causal or generative-

m
odel of how

 the data could have occurred), and the priors (often from
 heuristics, or in com

putational vision em
pirically 

testable m
odels of the external visual w

orld). So let's use M
athem

atica to derive p(H
|x) from

 p(x|H
) and p(H

) , (i.e. pH
x 

from
 pxH

 and pH
 ).

p
x
2

=
P
l
u
s

ü
ü
H
p
x
H
p
HL

9
5ÅÅÅÅÅÅÅÅÅ

12
,

1ÅÅÅÅÅ4
,

1ÅÅÅÅÅ3
=

T
r
a
n
s
p
o
s
e@
T
r
a
n
s
p
o
s
e
@H
p
x
H
p
H
LD

ê
P
l
u
s

ü
ü
H
p
x
H
p
H
LD

ik jjjjjjj

1ÅÅÅÅ5
1ÅÅÅÅ3

1ÅÅÅÅ2

4ÅÅÅÅ5
2ÅÅÅÅ3

1ÅÅÅÅ2

y{ zzzzzzz
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‡
Show

 that this joint probability has a uniform
 prior (i.e. both

 priors equal). 

p
=
88
1
ê
8
,
1
ê
8
,
1
ê
4<
,
8
1
ê
4
,
1
ê
8
,
1
ê
8<<

99
1ÅÅÅÅ8 ,

1ÅÅÅÅ8 ,
1ÅÅÅÅ
4
=
,
9
1ÅÅÅÅ4 ,

1ÅÅÅÅ
8
,

1ÅÅÅÅ8 ==

M
arg

in
alizatio

n
 an

d
 co

n
d

itio
n

in
g

: A
 sm

all d
im

en
sio

n
al exam

p
le u

sin
g

 list m
an

ip
u

latio
n

 

in
 M
ath

em
atica 

‡
A

 discrete joint probability

A
ll of our know

ledge regarding the signal discrim
ination problem

 can be described in term
s of the joint probability of the 

hypotheses, H
 and the possible data m

easurem
ents, x. T

he probability function assigns a num
ber to all possible 

com
binations:

p[H
, x]

T
hat is, w

e are assum
ing that both the hypotheses and the data are discrete random

 variables.

H
=
9
S
1

S
2

x
e

 8
1
,
2
,
.
.
.<

L
et's assum

e that x can only take on one of three values, 1, 2, or 3. A
nd suppose the joint probability is:

p
=
99
1ÅÅÅÅÅÅÅ
1
2
,
1ÅÅÅÅÅÅÅ
1
2
,
1ÅÅÅÅ6 =
,
9
1ÅÅÅÅ3 ,
1ÅÅÅÅ6 ,
1ÅÅÅÅ6 ==

ik jjjjjjj

1ÅÅÅÅÅÅÅ
12

1ÅÅÅÅÅÅÅ
12

1ÅÅÅÅ6

1ÅÅÅÅ3
1ÅÅÅÅ6

1ÅÅÅÅ6

y{ zzzzzzz
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T
a
b
l
e
F
o
r
m
@
p
,
T
a
b
l
e
H
e
a
d
i
n
g
s

-
>
88
"
H

=
S
1
"
,
"
H

=
S
2
"<
,
8
"
x

=
1
"
,
"
x

=
2
"
,
"
x

=
3
"<<D

x
=
1

x
=
2

x
=
3

H
=
S
1

1ÅÅÅÅÅ
1
2

1ÅÅÅÅÅ
1
2

1ÅÅÅ6

H
=
S
2

1ÅÅÅ3
1ÅÅÅ6

1ÅÅÅ6

T
he total probability should sum

 up to one. L
et's test to m

ake sure. W
e first turn the list of lists into a singel list of scalars 

using F
latten[]. A

nd then w
e can sum

 either w
ith A

pply[P
lus,F

latten[p]].

P
l
u
s
 
@
@
 
F
l
a
t
t
e
n
[
p
]

1

W
e can pull out the first row

 of p like this:

p@@
1DD

9
1ÄÄÄÄÄÄÄÄÄ
12

,
1ÄÄÄÄÄÄÄÄÄ
12

,
1ÄÄÄÄÄ6
=

Is this the probability of x? N
o. For a start, the num

bers don't sum
 to one. B

ut w
e can get it through the tw

o processes of 
m

arginalization and conditioning.

‡
M

arginalizing

W
hat are the probabilities of the data, p(x)? T

o find out, w
e use the sum

 rule to sum
 over the colum

ns:

p
x

=
A
p
p
l
y@
P
l
u
s
,
pD

9
5ÅÅÅÅÅÅÅ
1
2
,

1ÅÅÅÅ4 ,
1ÅÅÅÅ
3
=

"Sum
m

ing over "is also called m
arginalization

 or "integrating out".  N
ote that m

arginalization turns a probability 
function w

ith higher degrees of freedom
 into one of low

er degrees of freedom
. 

W
hat are the prior probabilities? p(H

)? T
o find out, w

e sum
 over the row

s:
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p
H

=
A
p
p
l
y@
P
l
u
s
,
T
r
a
n
s
p
o
s
e
@
pDD

9
1ÅÅÅÅ
3
,

2ÅÅÅÅ3 =

‡
C

onditioning

N
ow

 that w
e have the m

arginals, w
e can get use the product rule to obtain the conditional probability through conditioning 

of the joint:p@x
»H

D
=
p@H

,
xD

ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
p@H

D

In the E
xercises, you can see how

 to use M
athem

atica to do the division for conditioning. T
he syntax is sim

ple:

p
x
H

=
p
ê
p
H

ik jjjjjjj

1ÅÅÅÅ4
1ÅÅÅÅ4

1ÅÅÅÅ2

1ÅÅÅÅ2
1ÅÅÅÅ4

1ÅÅÅÅ4

y{ zzzzzzz

N
ote that the probability of x conditional on H

 sum
s up to 1 over x, i.e. each row

 adds up to 1. B
ut, the colum

ns do not. 
p[x|H

] is a probability function of x, but a likelihood function of H
. T

he posterior probability is obtained by conditioning 
on x:

p@H
»xD

=
p@H

,
xD

ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
p@xD

Syntax here is a bit m
ore com

plicated, because the num
ber of colum

ns of px don't m
atch the num

ber of row
s of p. W

e use 
T

ranspose[] to exchange the colum
ns and row

s of p before dividing, and then use T
ranspose again to get back the 2x3 form

:

p
H
x

=
T
r
a
n
s
p
o
s
e
@
T
r
a
n
s
p
o
s
e@
pD

ê
p
x
D

ik jjjjjjj

1ÅÅÅÅ5
1ÅÅÅÅ3

1ÅÅÅÅ2

4ÅÅÅÅ5
2ÅÅÅÅ3

1ÅÅÅÅ2

y{ zzzzzzz

P
lotting the joint

T
he follow

ing B
arC

hart[] graphics function requires in add-in package (<<
 G

raphics`G
raphics`), w

hich is specified at the 
top of the notebook. Y

ou could also use L
istD

ensityP
lot[].
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B
a
r
C
h
a
r
t
@
p@@
1DD
,
p@@
2DDD
;

1
2

3

0
.
0
5

0
.
1

0
.
1
5

0
.
2

0
.
2
5

0
.
3

M
arg

in
alizatio

n
 an

d
 co

n
d

itio
n

in
g

: A
n

 exam
p

le
 u

sin
g

 M
ath

em
atica fu

n
ctio

n
s

‡
A

 discrete joint probability

A
ll of our know

ledge regarding the signal discrim
ination problem

 can be described in term
s of the joint probability of the 

hypotheses, H
 and the possible data m

easurem
ents, x. T

he probability function assigns a num
ber to all possible 

com
binations:

p[H
, x]

T
hat is, w

e are assum
ing that both the hypotheses and the data are discrete random

 variables.

H
=
9
S
1

S
2

x
e

 8
1
,
2
,
.
.
.<

L
et's assum

e that x can only take on one of three values, 1, 2, or 3. A
nd suppose the joint probability is:

p@
H
_
,
x
_
D
:

=
W
h
i
c
h
@
H

ã
1
&
&
x

ã
1
,
1
ê
1
2
,
H

ã
1
&
&
x

ã
2
,
1
ê
1
2
,
H

ã
1
&
&
x

ã
3
,

1
ê
6
,
H

ã
2
&
&
x

ã
1
,
1
ê
3
,
H

ã
2
&
&
x

ã
2
,
1
ê
6
,
H

ã
2
&
&
x

ã
3
,
1
ê
6D
;

T
a
b
l
e
F
o
r
m
@
T
a
b
l
e@
p@
H
,
xD
,
8
H
,
1
,
2<
,
8
x
,
1
,
3<D
,

T
a
b
l
e
H
e
a
d
i
n
g
s

-
>
88
"
H

=
s
1
"
,
"
H

=
s
2
"<
,
8
"
X

=
1
"
,
"
X

=
2
"
,
"
X

=
3
"<<D

X
=
1

X
=
2

X
=
3

H
=
s
1

1ÅÅÅÅÅ
1
2

1ÅÅÅÅÅ
1
2

1ÅÅÅ6

H
=
s
2

1ÅÅÅ3
1ÅÅÅ6

1ÅÅÅ6

T
he total probability should sum

 up to one. L
et's test to m

ake sure. W
e first turn the list of lists into a singel list of scalars 

using F
latten[]. A

nd then w
e can sum

 either w
ith A

pply[P
lus,F

latten[p]].
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S
u
m@
p@
H
,
xD
,
8
H
,
1
,
2<
,
8
x
,
1
,
3<D

1

W
e can pull out the first row

 of p like this:

T
a
b
l
e@
p@
1
,
xD
,
8
x
,
1
,
3<D

9
1ÅÅÅÅÅÅÅ
1
2
,

1ÅÅÅÅÅÅÅ
1
2
,

1ÅÅÅÅ
6
=

Is this the probability of x? N
o. For a start, the num

bers don't sum
 to one. B

ut w
e can get it through the tw

o processes of 
m

arginalization and conditioning.

‡
M

arginalizing

W
hat are the probabilities of the data, p(x)? T

o find out, w
e use the sum

 rule to sum
 over the colum

ns:

p
x@
x
_
D
:

=
S
u
m
@
p@
H
,
xD
,
8
H
,
1
,
2<D
;

T
a
b
l
e@
p
x
@
xD
,
8
x
,
1
,
3<D

9
5ÅÅÅÅÅÅÅÅÅ

12
,

1ÅÅÅÅÅ4
,

1ÅÅÅÅÅ3
=

"Sum
m

ing over "is also called m
arginalization

 or "integrating out".  N
ote that m

arginalization turns a probability 
function w

ith higher degrees of freedom
 into one of low

er degrees of freedom
. 

W
hat are the prior probabilities? p(H

)? T
o find out, w

e sum
 over the row

s:

p
H@
H
_
D
:

=
S
u
m
@
p@
H
,
xD
,
8
x
,
1
,
3<D
;

T
a
b
l
e@
p
H
@
HD
,
8
H
,
1
,
2<D

9
1ÅÅÅÅ
3
,

2ÅÅÅÅ3 =
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‡
C

onditioning

N
ow

 that w
e have the m

arginals, w
e can get use the product rule to obtain the conditional probability through conditioning 

of the joint:p@x
»H

D
=
p@H

,
xD

ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
p@H

D

W
e use function definition in M

athem
atica to do the division for conditioning. T

he syntax is sim
ple:

p
x
H@
H
_
,
x
_
D
:

=
p@
H
,
xD

ê
p
H@
HD
;

T
a
b
l
e@
p
x
H@
H
,
xD
,
8
H
,
1
,
2<
,
8
x
,
1
,
3<D

ik jjjjjjj

1ÅÅÅÅ4
1ÅÅÅÅ4

1ÅÅÅÅ2

1ÅÅÅÅ2
1ÅÅÅÅ4

1ÅÅÅÅ4

y{ zzzzzzz

N
ote that the probability of x conditional on H

 sum
s up to 1 over x, i.e. each row

 adds up to 1. B
ut, the colum

ns do not. 
p[x|H

] is a probability function of x, but a likelihood function of H
. T

he posterior probability is obtained by conditioning 
on x:

p@H
»xD

=
p@H

,
xD

ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
p@xD

p
H
x@
H
_
,
x
_
D
:

=
p@
H
,
xD

ê
p
x@
xD
;

T
a
b
l
e@
p
H
x
@
H
,
xD
,
8
H
,
1
,
2<
,
8
x
,
1
,
3<D

ik jjjjjjj

1ÅÅÅÅ5
1ÅÅÅÅ3

1ÅÅÅÅ2

4ÅÅÅÅ5
2ÅÅÅÅ3

1ÅÅÅÅ2

y{ zzzzzzz

P
lotting the joint

W
e use L

istD
ensityP

lot[].
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L
i
s
t
D
e
n
s
i
t
y
P
l
o
t
@
T
a
b
l
e@
p@
H
,
xD
,
8
H
,
1
,
2<
,
8
x
,
1
,
3<DD
;

0
0
.
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1
1
.
5

2
2
.
5

3
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1
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