Bayesian Linear Regression

e Bayesian treatment: avoids the over-fit and leads to an automatic way of
determining the model complexity using only the training data.
e We start by defining a simple likelihood conjugate prior,

e For example, a zero-mean Gaussian prior governed by a precision
parameter:

p(w|e)=N (w]0,0¢ ' 1)

This prior, when combines with the “least squares” likelihood via Bayes rule,
yields the posterior distribution:

p(wlt,X)=N(w;m,,S, )
For example, we will show that for the prior above, and for a
matrix of transformed predictors @&

p(w|t)=N(wlm,.S)=N(wlBSid t,.« I+LD D)

w=B(>® ®+al)'dr
cov[w] = (D' D + ol)

In other words:
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RECALL-Probabilistic interpretation

| al@i o~ N (X' w,0?)

; T, 20
Likelihood [, = Lo (xT 2 - T 2
Ikelinood [, = Hexp _Tc?(Xi w—yi) = e&Xp —?‘QZ(XZ' w_yi)
1 1
argmax L = argmin E
w w
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Statistical Models

Y =f(X)+e
with E(¢) = 0 and X and ¢ independent.

e E(Y]X) = f(X)
e Pr(Y|X) depends on X only through f(X).

e Useful approximation to the truth — all unmeasured vari-
ables captured by ¢

e N realizations y; = f(x;) +¢;, t=1,...,N
e Assume ¢; and ¢; are independent.

More generally can have, for example, Var(Y|X) = 02(X).
For qualitative outcomes {Pr(G = QHX)}{{ = p(X) which
we model directly.
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Bayesian Linear Regression

* Given target values, modeled as a sum of basis functions plus Gaussian

noise
t=y(X,w)+e
M -1
yixow) = 27 widix) = wiglx)

« Then the lIkelihood IS Gaussian

N
p(AX,w.8) = | [N (talw" d(xn). 57)
« Assur n=1
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Bayesian Regression

* The posterior is straightforward to derive. The
computations follow the classification case:

p(WIT,X,B) = N(W I 1y, Sy)

o< p(t 1w, X, ) p(W)
=N Iw o, DN (wlu,S,)

p( W’t) — d\’(W‘ I, SJ.\:')
Where the posterior mean and variance are given by:
my = SN (S(T lIIIO -+ 3(:blt)

Sv. = S;'+p®'®.
Given that f is the noise in the measurements
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Basic Results for Gaussians

* The results stem from the fact that multiplying two Gaussians
Is Gaussian (although no longer normalized). In particular,

N(a,A) N (b,B) x N (c,C)

where
C=(A"'+B )"
c=CA'a+CB'b

amazingly, the normalization constant z. is Gaussian in either a or b:

1

o= (2m) ACI A B exp | —5(aT AT+ BTBTIb — ¢ C )

(a) ~N ((AT'CA™) " (AT'CB b, (ATICA™) )
)~ N ((B~'CB)"'(B"'CA1)a, (B'CB 1))

~

Ze(b
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Special Cases

* Prioronw
N (W ‘ 0. . I)

* Ridge Regression Posterior on w
my = 0OSyod It
S;}l = o+ 3PP,
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From Ridge to Lasso etc

* A family of priors for regularized regression:

| | qg (a1 1 M a —
' ' — —_ o Y __ . Y. ([
p(w|a) L (2> T(l/q)} exXp 5 z:l w;|
j=

CSCI 5521: Paul Schrater



Visualizing Bayesian Regression

1 likelihood prior/posterior data space

0w 0w

1 0 r |1

Sequential Bayesian Learning: As each data point comes
in,the posterior on w is updated. Lines show samples from
the posterior distribution.

No Data

One data point

Two data points

Twenty data points
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Predictive Distribution

* To predict new datapoints, we need to marginalize the
basic regression model across our uncertainty in the
regression coefficients (model averaging

;905’[5) = er(ypred W’ﬁ)p(w | ?,X,a,[a’)dw

= [NV e 1OWB )N (WIS (S5 + PO, S, Jw

P(y pred

= fﬂ\f(ymd |(I)W,/;))_II)N(W ImN,SN)dW

_ -1 T
= N (¥,eq 1@m,. 7T+ ©S, @) here

S, =S, +pd' P
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More Results

Marginal and Conditional Gaussians

Given a marginal Gaussian distribution for x and a conditional Gaussian distri-
bution for y given x in the form

p(x) = N(x|p. AT (2.113)

p(ylx) = N(y|]Ax+b. L") (2.114)

the marginal distribution of y and the conditional distribution of x given y are
given by

ply) = N(ylAp+b L' +AA'AT) (2.115)
p(xly) = N(B{A'L(y =b) + Ap}. %) (2.116)

where i
B=(A+ATLAT (2.117)
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Predictive Distribution

€T T

Figure 3.8 Examples of the predictive distribution (3.58) for a model consisting of 9 Gaussian basis functions
of the form (3.4) using the synthetic sinusoidal data set of Section 1.1. See the text for a detailed discussion.
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Bayes does model averaging:

with the average across set of w
Samples 1t
from the ’
Posterior j
Distribution  _,|
onw

0 P 0 P

Figure 3.9 Plots of the function y(x, w) using samples from the posterior distributions over w corresponding to
the plots in Figure 3.8.
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Posterior mean on w and the equivalent kernel

3.3.3 Equivalent kernel

The posterior mean solution (3.53) for the linear basis function model has an in-
teresting interpretation that will set the stage for kernel methods, including Gaussian
processes. If we substitute (3.53) into the expression (3.3), we see that the predictive
mean can be written in the form

N
y(X, nl.-"\") — m{qb(x) — f(b(x)ls\(l)lt — Z :‘"3¢(X),1‘S.v\"¢(xn)Tn (3.60)

n=1

where Sy 1s defined by (3.51). Thus the mean of the predictive distribution at a point
X 1s given by a linear combination of the training set target variables 7,,, so that we
can write

N
y(x,my) = k(x,%,)t, (3.61)
n=1
where the function -
k(x,x) = Bop(x) 'Sy (X)) (3.62)
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Another Meaning for the Kernel

* In the Bayesian framework, it is easy to show that the
equivalent kernel is the covariance matrix of the
predictive distribution.

covly(x),y(x')] = covip(x)'w, w'p(x)]
= ¢(x) ' Syo(x') =87 k(x,x)

What these results show is that Bayesian regression can be
Viewed as a kernel based algorithm. Rather than choosing the

Weights on a fixed set of kernels (SVR), the kernels are
constructed from the data modeling assumptions.

CSCI 5521: Paul Schrater



Gaussian Processes in Machine
Learning
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Outline of the talk

 (aussian Processes (GP) [ma05, rs03]
— Bayesian Inference
— GP for regression
— Optimizing the hyperparameters
* Applications
— GP Latent Variable Models [la04]
— GP Dynamical Models [wa05]
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GP: Introduction

Gaussian Processes:

— Definition: A GP is a collection of random variables, any finite number
of which have joint Gaussian Distribution

« Distribution over functions:

- f o~ GP(m, k) m(x)  k(x,2)
» (Gaussian Distribution: over vectors
- f o~ N(p, X) pi =mag) X = k(x;, x;)
* Nonlinear Regression:
- Xy ... Data Points
- 1y ... Target Vector

Infer Nonlinear parameterized function, y(x;w), predict values
ty+1 for new data points xy,

E.g. Fixed Basis Functions

H

y(xsw) = Z whon(x) dn(x) = exp [— )

- h=1
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Bayesian Inference of the parameters

* Posterior propability of the parameters:

Plty|w, Xy)P(w)
Pty Xy) .

P[W|t‘-,, Xw,':l =

P(ty|w, Xv)bability that the observed data points have been generated by
y(x;w)
« Often separable Gaussian distribution is used
— Each data point t; differing from y(x;w) by additive noise
P(w) priors on the weights

 Prediction is made by marginalizing over the parameters
- IP(I._n_r+l |tN: XN+1} = /d.”w PU‘N-H |W_, X(N-l_l))P(W‘tN: X_?.;:)

. vSampIe parameters w from the distribution with Markov
chain Monte Carlo techniques P(wlty, Xn)
* Or Approximate with a Gaussian Distribuuon

P(W‘tf\f: Xm)
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Bayesian Inference: Simple Example

GP:  P(tyyilta, Xn41) isaGaussian distribution
« Example: H Fixed Basis functions, N input points

nh = (bh( ) YUn = Z Ruopwy,

k
- Prioronw:  P(w) = Normal(0, o7 1)
—  Calculate prior for y(x) :
Q = ()= (Rww'R') =R (ww") R’
P(y) = Normal(0,Q) = Normal(0, o, RR")

«  Prior for the target values
—  generated from y(x;w) + noise:
P(t) = Normal(0, Q + o*I)
«  Covariance Matrix: C=Q+oo’1

+ Covariance Function  f(x,,x,) = o2, (x,), (x,) +9,07
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Predicting Data

* Inferty,,given ty:
— Simple, because conditional distribution is also a Gaussian

- P(tny1:tN)
P(ing1ltn) = P(:w)

— Use incremental form of

tv

1
I N xp |[—= | tn Iy -_Tl
P(int1|tn) o exp[ 5Lty v JORL, [ [Nt

|

Cn+1

C ? = CP\I |: k :|
N41 = KT =Tk(xy, %) k(X0 0]

-i kT : [ k ]- K=k(xN+1’xN+1)
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Predicting Data

»  We can rewrite this equation

—  Use partitioned inverse equations to get C§71+ .

from -1 l
— C‘N‘r

N N B e e
p(!._?\.'+l|t_3\;’) = ge}{p — 20_;
tN 41
" 2
Pt |ty) = NO’”mal(tN+1>GfN+l)

—  Predictive mean: |

+ Usually used for the ibjgrpojation= k¥ C Mt
—  Uncertainty in the result :

o} = k-kK'CJlk

tN 41
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Bayesian Inference: Simple Example

« How does the covariance matrix look likt C = Q + oI

- Qpp = [ ERRT nn - 0_2 Z(“}‘i’ d)'l’ x!” ))

'UJ
\fnn" = o Z Qh (?1 )) + énn" 0'12,
- | - as
(due to the add|t|on of I) S —
— Simple Example: 10 RBF functions, uniformly, o)
distributed over the input space i
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Bayesian Inference: Simple Example

Assume uniformly spaced basis functions,

hmax

hanin
hmax J(n) —h 2 ,_(n’) _ B2
= 5 dh exp {— C 572 ) ] exp [— (@ - h) ]
+  Solution of the integral / :
— Limits of integrationto 4o H — oo

— More general form

(nf (n)y2
Q. = Var2Sexp [— (=) - & )) ]

Ap?

k(x,x, )= Q exp (—% (X — Xm) " (Xn — Xm))

k(xn,xm) = aexp (—% (X-n, — Xm)T (Xn - X-m)) + 5”'”’1)6_1
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Gaussian Processes

£ _ T —1 2 _ R VAP T |
[’N'+1 — k CI\T t]\r UEN-H = A k C\f k

35

#F R
L X N
8 /f Nk
25F &
&

(’/
L
2 i

P
P
4

jt
15§ %
7
Ay 7
\ o ;
N ‘i \
T Wi B A
MWy ¥ ! W,
\ e A
05+
0_

05} N

A I I I I I 1 I I 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

= Only Gy, needs to be inverted (O(N”))
—  Prediction depend entirely on C and the known targets t,,
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Gaussian Processes: Covariance functions

* Must generate a non-negative definite covariance matrix for any set of
points
- 10,p]
- Hyperparameters of C
* Some Examples: i x:0)-F(x,.x,:0)+0,,8"
- RBF:
~ Linear: k(x ,x )= aexp (—% (Xn — Xm) " (Xn — xm))

l;(xn,xm) =X x, +Y

« Some Rules:

- Sum:
— Product: _ _ N
— Product Spaces: , k(x,,x,) = ky(x,,%,) +k (x,,%,)
l;(xn,xm)=/;2(xn,xm)-lz(xn,xm)
z = (z,y)

k(Zn,Zm) = ;Z(Xnﬂxm)-i-lf;l(yn’ym)
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Adaption of the GP models

a
. Hyperparamete{s b7}
- Typlca”y kn.ﬂm = CfCKP (_% (X?'L - Xm)T (Xri, - xm)) + 5?'1,7'1'1.8_1

=>

. PO|ty,Xy) x Pty | Xn,0)P(O)

. Log marginal Likelihood (first term)

1 1 _ N .
L= —3 logdet Cn — Et_{rCNltN i) log 2w
- Optimize via gradient descent (LM algorithm)

- First term: complexity penalty term
=> Occams Razor ! Simple models are prefered

- Second term: Data-fit measure

. Priors on hyperparameters (segond ter _
—~ Typically used: TEI: (9 )°° 91’
- Prefer small parameters:
Small output scale ( ) &
Large width for the RBF () v
Large noise variance ( ) 3

- Additional mechanism to avoid overfitting
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GP: Conclusion/Summary

» Memory-Based linear-interpolation method
* y(x) is uniquely defined by the definition of the C-function
 Also Hyperparameters are optimized
 Defined just for one output variable
— Individual GP for each output variable
— Use the same Hyperparameters
» Avoids overfitting
— Tries to use simple models
— We can also define priors
« No Methods for input data selection
« Difficult for a large input data set (Matrix inversion O(N?))
— C, can also be approximated, up to a few thousand input points possible
* Interpolation : No global generalization possible
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Applications of GP

« (Gaussian Process Latent Variable Models (GPLVM) [la04]

—  Style Based Inverse Kinematics [gr04]
—  Gaussian Process Dynamic Model (GPDM) [wa05]

«  Other applications:
—  GP in Reinforcement Learning [ra04]
—  GP Model Based Predictive Control [ko04]
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Propabilistic PCA: Short Overview

« Latent Variable Model:

Project high dimensional data (Y, d-dimensional) onto a low dimensional latent
space (X, g-dimensional, q << d)

*  Propabilistic PCA

CSCI 5521: Paul Schrater

Likelihood of a datapoint: p(yn|W,B) = /p(Y'n‘XnaWaﬁ)p(Xn) dxp,
P (YnlxXn, W, 8) = N (yn|Wxp, 71)

N
Likelihood of the dataset: p(YIW,8) =[] p(ynlW,5)

n=1
Marginalize W:
+  PrioronW:  p(W)=[[2, N (w;[0,a'T)
+  Marginalized likelihood of Y: p(Y|X, ) = —px— exp (—ltr (K‘IYYT))

] ' e T K :

»  Where K = oXX!' 4+ 47 'Td X = [x1...Xn



PPCA: Short Overview

*  Optimize X:

—_ -li i ' DJ_ / D ]_
Log-likelihood: L=-""In@n) - 5Kl - 5o (K YY)

—  Optimize X: oL
X
- Solution: U....N x q matrix of q eigenvectors of

T
X = Uq LV L ... diagonal matrix containing the eigen
values of

oK 'YY'K X - aDK'X

V... arbitrary . Yy Tal matrix
« ltcan be shown that this solution is equivalent to that solved in PCA

«  Kernel PCA: Replace with a kernel

YY!
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GPLVM

« PCA can be interpreted as GP mapping from X to Y with linearisation of the covariance
matrix
* Non-linearisation of the mapping from the latent space to the data space

— Non-linear covariance function
+ Use Standard RBF Kernel instead of

Calculate gradient of the log-likelihood with chi K = aXX* + g1

oL
— =—KlyY'K ! _pK!
o aK D

oK
(9:En,j

Optimise jointly X and hyperparamters of the kernel (e.g. with scaled conjugate gradients)
Initialize X with PCA
— Each Gradient calculation requires inverse of the kernel matrix => O(N?)
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GPLVM: ilustrative Result

« Oil data set
— 3 classes coresponding to the phase flow in a pipeline: stratified, annular, homogenous
— 12 input dimensions

03
x o
&
0.2F -~ 0 ©o o A
e L © B gto . +
o % 9 5
0k Oﬂfﬁ' +"+—F{‘__+ ++ 41-+++ .
+ o+ * STt x"‘
afF £ E
it
i& ®
o
-01F 1:;’(
-0.2F
-0.3F
*
Tk ¥
X
-04r Myt
% X ®
x :-ci o
_05 1 1 1 1 1 1 ]
e -0.6 -0.4 -0.2 a 0.2 a4 06
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Style based Inverse Kinematics

« Use GPLVM to represent Human motion data
— Pose: 42-D vector q (joints, position, orientation)
— Always use one specific motion style (e.g. walking)
— Feature Vectors: y
« Joint Angles
« Vertical Orientation
* Velocity and Acceleration for each feature
« >100 dimensions

— Latent Space: usually 2-D or 3-D
° i TN :
Scaled Version of GPLVM HY1X.F) = — m o [~ ‘i“‘ (K YWy T)
V2N PIKy P 2-

— Minimize negative log-posterior likelihood

Lgp = —Inp({xi}, o, B, 7, {wr}|{yi})
= —lp({yitHxi}, o0 B v Awe ([ 1 p(xi))p(e, B.7)
I
oapy
L(TP——111|I&|—I— 21»;\;}& 4o 2“1,\\ +1n N

“ F klb-;{
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Style-based Inverse Kinematics

«  Generating new Poses (Predicting) :
—  We do not know the location in latent space
—  Negative Log Likelihood for a new pose (x,y)

«  Standard GP equations:

[|W(y —f(x) }|| 5 o1 5
Lix(x,y + 1 o°(x)+ =||x||7
K(X,y) = 267 (x) 5 (x) 2|| | o

»  Certainty is greatest near the trainin fix) = u +?Tﬁ_lk(x‘}
. => keep Yy close to prediction f(x) while ke 02(x) = k(xx)—k(x)TK "K(x)
«  Synthesis: Optimize q given some constraiiis u
- Specified by the user, e.g. *(%)ns of the hands, feets

argmunLzg(x,v(q)) st. C(q) =0
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SBIK: Results

Different Styles:

- Base-Ball Pitch

- Start running
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SBIK: Results

*  Posing characters
—  Specify position in 2-D latent space

Specify/Change trajectories
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GP Dynamic Model [wa05]

«  SBIK does not consider the dynamics of the poses (sequential order of the poses)
—  Model the dynamics in latent Space X

« 2 Mappings:
—  Dynamics in Low dimensional latent space X (g dimensional), markov property
—  Mapping from latent space to data space Y (d dimensional) (GPLVM)

—  Model both mappings with GP

X = f(x—1;A)+n,;

y: = g(XuB)+ny,;
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GPDM: Learn Mappings

* Fit parameters: Weights, number of basis functions +
shape
— difficult

* From GP view: parameters should be marginalized out



GPDM: Learn Mapping g

«  Learning Mapping g:
—  Mapping from latent space X to high dimensional output space Y
* PrioronY

— Independent Gaussian for every output dimension

- W=diag(w,,..,wp) ... scaling matrix, to account for different variances in different data dimensions

«  RBF Covaria _ W ( -
p(—

A N 1 . —1 2~sT
p(Y|X,3) = \/(2?1’)*\"9|K}—|D exp Qtl (KY YWY ))

*  Hyperparameters:

/;y(_x.x") = yexp (—%\\x—x’uz) + .')’I.;l()x_xf

3= 153 g ... W}
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GPDM: Learn dynamic Mapping f

«  Mapping g:
— Mapping from latent space X to high dimensional output space Y
— Same as in Style based kinematics

*  GP: marginalizing over weights A

«  Markov property

p(X|a) = / p(X,Ala)dA = j p(X|A,a)p(A|a)dA

 Again multivariate GP: Posterior distribution on X

. N
p(X|a) = p(x1) ] Hp(_xf | xi—1, A, ) p(A|a)dA
t=2

1
(2,’-;—}( A\-"—l)d’K;\. ’(1

1 ‘
p(X|a) = p(x1) 7 exp (—;tr (K}lxoutxiuto
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GPDM: Learn dynamic Mapping f

T
= 1 1 ‘
y Prl)gr@lfor[g 2’""1’)&“’1‘) = )7 exp <—§tr(KEIXMXZMO

(Qﬁ)(AN’—l)(l’K_YI(i

* Future x4 is target of the approximation
— x1is assumed to have Gaussian prior
- Ky (N-1)x(N-1) kernel matrix

8%

2

B
2
Z

Ex(x,x') = ajexp ( l|x — X/HQ) + asxTx' + a; ' ox.x

— Joint distribution of the latent Variables is not Gaussian
* X, does occur outside the covariance matrix

CSCI 5521: Paul Schrater



GPDM: Algorithm

*  Minimize negative log-posterior

L = —Inp(X,a,3|Y)
= —Inp(Y|X., 3)p(X|a)p(a)p(3)
- Minimize wit d 1 B |
- Data - E In ‘KX| + §t-l' (K)glxoutx:{uf) + Z In v

o D 1 | oo |
NI [W| + = In|Ky| + St (KF'YW?YT) + ) "In g
-

X, a, 3

. Méan-subtractéd
« X was initialized with PCA coordinates

— Numerical Minimization through Scaled Conjugate Gradient
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GPDM: Results

* (b) Style-based Inverse Kinematics
« (a) GPDM
«  Smoother trajectory in latent space!
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GPDM: Visualization

B ; S -

(¢)

III\.J - - —————

*  (c) 25 samples from the distribution
—  Sampled with the hybrid Monte Carlo Method XE&() ~ (X160 | %0, X, Y, @)

(d) Confidence with which the model reconstructs the pose trom the latent position
—  High probability tube around the data

\u’ VAWV IV W WV MITTUWWWY Vul

(d)
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GPDM: Online generation of new motion

« Mean Prediction Sequences
— Standard GP equations

X ~ w-"\-’r(_ﬂx (_it—l ); ”%& (_if.—l _)I_)

px(x) = XD K'ky(x), 0% (x) = kx(x,x) — ky(x)T K ky (x)

— Always take the predicted mean point

— The same for new poses ( yi = py (Xt)

— Long sequences generated by mean prediction can diverge from the data
Optimization

— Prevent the Mean Prediction from drifting away from training data

— Optimize the likelihood ;,( X | X @) e new sequence

- is lower near the training data, consequently the likelihood of x,,, cxc be
increased by moving x, closer to the training data

— COox (X¢)n process is initialized with mean prediction sequence

CSCI 5521: Paul Schrater



GPDUM: Mean Prediction and
Optimization

* (a) Mean prediction
* (b) Optimization
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Summary/Conclusion

+ GPLVM

— GPs are used to model high dimensional data in a low
dimensional latent space

— Extension of the linear PCA formulation
* Human Motion
— Generalizes well from small datasets
— Can be used to generate new motion sequences
— Very flexible and naturally looking solutions

+ GPDM
— additionally learn the dynamics in latent space
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